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ABSTRACT

Using gravitational N-body simulations, we investigate the evolution of mass and 'spin for very
massive stars (VMSs) in dense star clusters, which may be potentially associated with Little Red
Dots (LRDs). Our results show that VMS masses can reach 103-10* M, depending on the initial
conditions of the host clusters. Notably, the VMS mass increases by up to a factor of three when
accounting for the bloated state at the Hayashi track induced by stellar collisions, provided that this
state is maintained at accretion rates exceeding 3 x 1072 Mg yr~!. In all cases, the spin of the VMS,
when normalized to the dimensionless black hole (BH) spin parameter, exceeds 10. While our model
may overestimate VMS masses and spins due to the omission of post-main-sequence evolution and the
loss of mass and angular momentum during collisions, we nonetheless demonstrate that VMSs formed
in dense star clusters can be highly spinning. Such a rapidly spinning VMS is expected to collapse into
an intermediate-mass BH surrounded by a massive accretion disk. This BH-disk system could trigger
powerful explosions and emit burst gravitational waves, similar to those observed in GW190521 and
GW231123, for which the remnant BH masses are estimated to be > 100 M.
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1. INTRODUCTION

Very massive stars (VMSs) with initial masses of
~ 102-10* M, are predicted to collapse into black holes
(BHs) triggered by electron-positron pair-instability
(Y. B. Zeldovich & I. D. Novikov 1971; C. L. Fryer et al.
2001; A. Heger & S. E. Woosley 2002). One of the pri-
mary formation channels for VMSs is runaway stellar
collisions within dense star clusters (R. H. Sanders 1970;
M. C. Begelman & M. J. Rees 1978; G. D. Quinlan &
S. L. Shapiro 1990; S. F. Portegies Zwart et al. 2004; M.
Giersz et al. 2015; F. P. Rizzuto et al. 2021; U. N. Di
Carlo et al. 2021; L. Wang et al. 2022; E. Gonzalez Prieto
et al. 2022; M. S. Fujii et al. 2024; M. C. Vergara et al.
2025). In this scenario, multiple stars undergo successive
collisions to form a single VMS before reaching the end
of their stellar evolution. If such a VMS collapses into a
BH of comparable mass, the resulting object would be
classified as an intermediate-mass BH (IMBH). These
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IMBHs are potential candidates for ultra-luminous and
hyper-luminous X-ray sources (e.g., H. Matsumoto et al.
2001; S. A. Farrell et al. 2009), and may explain the na-
ture of the massive dark object recently identified at the
center of w Centauri (M. Héberle et al. 2024).
Recently, the James Webb Space Telescope (JWST)
has identified a novel population of red, massive, com-
pact objects known as “Little Red Dots” (LRDs; D. D.
Kocevski et al. 2023; Y. Harikane et al. 2023; H. B. Akins
et al. 2025; I. Labbe et al. 2025). These LRDs are char-
acterized by broad emission lines (J. Matthee et al. 2024;
J. E. Greene et al. 2024; V. Kokorev et al. 2024; D. D.
Kocevski et al. 2025; A. J. Taylor et al. 2025), yet they
lack detectable X-ray (D. D. Kocevski et al. 2023; M.
Yue et al. 2024; 1. Juodzbalis et al. 2024; T. T. Ananna
et al. 2024; R. Maiolino et al. 2025; H. B. Akins et al.
2025), radio emission (A. J. Gloudemans et al. 2025; K.
Perger et al. 2025; G. Mazzolari et al. 2026), and vari-
ablities (W. L. Tee et al. 2025; Z. Zhang et al. 2025a;
M. Kokubo & Y. Harikane 2025; Z. Stone et al. 2025;
C. J. Burke et al. 2025; Z. Liu et al. 2026) with a hand-
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ful of exceptions (L. J. Furtak et al. 2025; X. Ji et al.
2025; 7. Zhang et al. 2025b; R. P. Naidu et al. 2025;
F. D’Eugenio et al. 2026). Two primary interpretations
for LRDs have emerged: (i) the “BH envelope model,”
where massive BHs are embedded within dense gas en-
velopes (A. de Graaff et al. 2025; R. P. Naidu et al. 2025;
D. Kido et al. 2025; V. Rusakov et al. 2026), and (ii) the
“star-only model,” which invokes extremely dense stellar
systems (A. Loeb 2024; C. A. Guia et al. 2024; J. F. W.
Baggen et al. 2024; H. B. Akins et al. 2025). Even within
the framework of the BH envelope model, dense stellar
systems may be necessary to explain the ultraviolet con-
tinua of LRDs (K. Inayoshi et al. 2026), and may supply
gas to a BH envelope through tidal disruption events (K.
Kritos & J. Silk 2026). In such extreme environments,
a sequence of processes — from runaway stellar collisions
to VMS formation and the subsequent creation of mas-
sive BHs — is likely inevitable (F. Pacucci et al. 2025; A.
Escala et al. 2025).

The collapse of a VMS, particularly one with high
spin, may produce detectable electromagnetic (EM) and
gravitational-wave (GW) transients. A rapidly spinning
VMS is expected to form a BH surrounded by a mas-
sive accretion disk immediately following pair instabil-
ity. Such a BH-disk system may launch relativistic jets
(C. L. Fryer et al. 2001; Y. Suwa & K. Ioka 2011; T.
Matsumoto et al. 2015) and trigger explosions driven by
viscous angular momentum transport (H. Uchida et al.
2019). Furthermore, the massive accretion disk is sus-
ceptible to non-axisymmetric instabilities, leading to the
emission of burst GWs. Recent studies (M. Shibata
et al. 2021; M. Shibata & S. Fujibayashi 2026) sug-
gest that such VMS collapses could explain enigmatic
GW transients like GW190521 (R. Abbott et al. 2020a)
and GW231123 (A. G. Abac et al. 2025). These events
involve BH masses that fall within the so-called pair-
instability mass gap (R. Abbott et al. 2020b; R. Farmer
et al. 2020; S. E. Woosley & A. Heger 2021; A. K. Mehta
et al. 2022; E. Farag et al. 2022), assuming that they
originate from genuine BH mergers. Runaway collisions
provide a viable mechanism for forming such highly spin-
ning VMSs, as the stellar spin is significantly enhanced
by the orbital angular momentum of the colliding pro-
genitors.

In this paper, we investigate runaway collisions and
VMS formation within dense star clusters, focusing on
two primary objectives. First, we track the evolution of
the spin angular momentum of VMSs formed in these
clusters. This analysis is crucial to determine whether
VMS collapse can trigger the EM and GW transients
proposed in recent literature. Second, we incorporate
the effects of stellar bloating on VMS growth. Colli-

sion products are expected to remain bloated over the
Kelvin-Helmholtz (KH) timescale. If a VMS experiences
successive collisions within this timeframe, it maintains
an expanded radius and a low effective temperature of
~ 5000 K at the so-called Hayashi track (T. Hosokawa
et al. 2012, 2013). Such a bloated VMS possesses a
significantly larger cross-section, facilitating further col-
lisions. To our knowledge, this bloating effect has not
been fully accounted for in previous numerical simula-
tions of runaway collisions. Although M. Fujii et al.
(2009) considered the core-halo structure of VMSs, their
models assumed temperatures exceeding 2 x 107 K (M.
Ishii et al. 1999), which remain considerably higher than
the values expected for a fully bloated state at the
Hayashi track.

The remainder of this paper is organized as follows.
In Section 2, we describe our numerical methodology
and physical assumptions. In Section 3, we present the
results of our N-body simulations. Section 4 provides
a discussion on the implications for the EM and GW
counterparts produced by the collapse of highly spinning
VMSs. Finally, we summarize our conclusions in Section
5. Throughout this paper, ¢ and G denote the speed of
light and gravitational constant, respectively.

2. METHOD

We perform N-body simulations to investigate four
types of dense star clusters with distinct initial con-
ditions. The common characteristics of these models
are as follows. For the initial phase-space density, we
adopt the King model with a concentration parameter
of Wy =12 (I. R. King 1966). We do not account for ini-
tial mass segregation or fractal configurations. Clusters
are assumed to be isolated, meaning that they are not
embedded within the tidal field of a host galaxy. The
initial binary fraction is set to 0%. We adopt a cluster
metallicity of Z = 2x 1072 (0.1 Z), since LRDs may be
metal-poor (L. R. Ivey et al. 2026). These four cluster
types vary in their initial stellar mass functions (IMFs),
total masses, and initial mass densities within their half-
mass radii, as summarized in Table 1. Regarding stellar
populations, we employ two types of IMFs. The first
is the Kroupa IMF (P. Kroupa 2001), with minimum
and maximum stellar masses of 0.08 Mg and 150 M),
respectively. The second is a “top-heavy” IMF defined

as
AN )

— X m

. (10 < m/Mg < 150), (1)

where N and m denote the stellar number and mass, re-
spectively, which is inspired by IMFs in low-metalicity
and high-redshift environments (S. Chon et al. 2021,
2022).



The initial mass density within the half-mass radius of
our cluster models ranges from 10° to 107 Mg pc=3 (see
the column py ; in Table 1), which are higher than those
typically observed in the Milky Way and other nearby
galaxies. According to S. F. Portegies Zwart et al. (2010)
and M. R. Krumholz et al. (2019), the mass densities of
such observed clusters rarely exceed 108 Mg pc™3, even
in the most extreme cases. Our cluster models are in-
tended to represent the central regions of the progenitor
clusters of LRDs. Consequently, as detailed below, while
their mass densities are comparable to or even higher
than those of LRDs, their total masses remain smaller
than the LRD scale.

Within the framework of the star-only model, mass
densities of 104-10° My pc= within 1 pc are typical val-
ues for LRDs, as derived by J. F. W. Baggen et al.
(2024) and C. A. Guia et al. (2024). It is important
to note that the number of massive stars in the top-
heavy IMF exceeds that of the Kroupa IMF by a fac-
tor of 2 for stars with > 10 My and by a factor of 15
for stars with > 100 M. The mass-to-light ratio of a
cluster with a top-heavy IMF is a factor of 10 smaller
than that of a cluster with a Kroupa IMF; for a given
total mass, the former is 10 times brighter than the lat-
ter. Although the actual mass density within 1pc of
the top-heavy cluster is ~ 10*-10° Mg pc3, it should
be regarded as equivalent to ~ 10°-10% Mg, pc—3 when
comparing it with the aforementioned literature. No-
tably, a significant fraction of LRDs (~ 20%) exhibit
such high mass densities (C. A. Guia et al. 2024). In the
context of a BH envelope model, star clusters associated
with LRDs are estimated to have ~ 108-101° M, within
< 100pc (D. D. Kocevski et al. 2025), corresponding to
~ 20-2000 Mg pc—3. While our cluster models appear
to have much higher mass densities than those typically
associated with LRDs in this model, it should be noted
that the observed sizes of LRD-associated clusters are
upper limits; consequently, their derived mass densities
represent lower limits. Furthermore, since our cluster
models are significantly less massive than these observed
systems, our simulations effectively represent the dense
central regions of such clusters as progenitors of LRDs.
This reasoning also applies to the star-only model, where
the total star cluster masses reach ~ 108-10°9 M.

We follow the dynamics of these clusters using the
N-body simulation code PETAR (L. Wang et al. 2020a).
PETAR is highly optimized for parallel computing via
FDPS (M. Iwasawa et al. 2016, 2020) and accurately
resolves few-body orbits using the SDAR algorithm (L.
Wang et al. 2020b). The code handles single and bi-
nary stellar evolution through the BSE package (J. R.
Hurley et al. 2000, 2002; S. Banerjee et al. 2020), which

Table 1. Initial conditions and VMS results of 4 clusters.

VMS spin

VMS radius

VMS bloated VMS mass

MF

Plpc,i trh,i tdyn I

Mo pe™?]

Phi
Mo pc™?]

Model

[GM/c?) [GM?/(]

Mo]

[year]
4.3 x 10*

[vear]
1.1 x 107

Mo]

28
10
10

1.7 x 10*
4.0

1200
2200
4400
24000
5000
8600
19000
95000

No

Kroupa

2.4 x 10*

108
107
107
107
108
107
107
107

10°

1.7 x 10°

M5D6K-N

1.6 x 10*

3.4x10° 1.3x10* Kroupa No

2.4 x 10*

10°

1.7 x 10°

M5D7K-N
M5D7H-N 2.0 x 10°

1.4 x 10*

6.7 x 10* 2.2 x 10* Top-heavy

2.4 x 10*

10°

4.8 x 10°

4.8 x 10° 1.6 x 10° Top-heavy No

2.4 x 10°

10°

1.9 x 10*

M6D7H-N
M5D6K-Y 1.7 x 10°

56
14
18

6.5

2.0 x 10°

Yes

1.1x 107 4.3x10* Kroupa

2.4 x 10*

10°

1.7 x 10°

Yes

3.4x10° 1.3x10* Kroupa

2.4 x 10*

10°

M5D7K-Y 1.7 x 10°

1.5 x 10°

Yes

6.7 x 10* 2.2 x10* Top-heavy
Yes

2.4 x 10*

10°
10°

M5D7H-Y 2.0 x 10°

1.2 x 10°

4.8 x 10° 1.6 x 10° Top-heavy

2.4 x 10°

1.9 x 10*

M6D7H-Y

NOTE—Ni, Mi, pn,i, Pipc,i, and trh,; denotes the number of stars, cluster mass, mass density within half-mass radius, mass density within 1 pc, and

half-mass relaxation time at the initial time.
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incorporates stellar wind mass loss based on the pre-
scription of K. Belczynski et al. (2010). In our simula-
tions, two stellar wind regimes are particularly promi-
nent: the winds of hot, massive H-rich stars (J. S. Vink
et al. 2001) and those of luminous blue variables (LBVs;
R. M. Humphreys & K. Davidson 1994). Unlike the an-
alytical approach taken by F. Pacucci et al. (2025), we
do not implement specialized mass-loss treatments for
VMSs. Furthermore, we assume perfectly sticky colli-
sions, neglecting any loss of mass or angular momentum
specifically driven by the stellar collision process itself.

We employ a single-star evolution model that differs
from the default prescription in the BSE code, which we
refer to as the “L model.” This model was constructed
based on 1D stellar evolution simulations of stars with
masses ranging from 8 Mg, to 1280 Mg, performed using
the HOSHI code (K. Takahashi et al. 2016, 2018, 2019;
T. Yoshida et al. 2019). The detailed parameter settings
and physical assumptions of the L model are described in
A. Tanikawa et al. (2020) and A. Tanikawa et al. (2022).

We follow the cluster evolution for 1 Myr after forma-
tion, ensuring that all stars remain in the main-sequence
(MS) phase throughout the simulations. In our model,
a collision between two MS stars is triggered when their
separation becomes smaller than the sum of their radii.
Upon merging, the collision product undergoes rejuve-
nation due to the supply of fresh hydrogen to its core.
We quantify this rejuvenation process as

(Tage,l/Tms,l) + ma (Tage,2/Tms,2)
ms

Tage,S = CTms,?) m (2)
where m; represents the mass of the i-th star, Ty, ; is
its MS lifetime, and T,qc; is its current age. Here, the
indices 1 and 2 denote the progenitor stars (m; > ms),
while the index 3 denotes the resulting collision product
(i.e., m3 = my + mz). The rejuvenation coefficient C' is
defined as

o {0.1 (ma/miy > 0.1) 3

Under this prescription, the collision product is signifi-
cantly rejuvenated if the progenitor stars have compara-
ble masses, whereas rejuvenation is suppressed for highly
unequal-mass collisions. For instance, this prevents un-
realistic rejuvenation in collisions between a 1000 Mg
VMS and a 1 M, star. Note that the original BSE code
adopts a constant C' = 0.1 regardless of the mass ra-
tio ma/my, which tends to over-rejuvenate products in
encounters with very small ratio, ma/m;y.

Stellar collisions convert kinetic energy into thermal
energy within the resulting collision product. Conse-
quently, the VMS shifts onto the Hayashi track and re-
mains in a bloated state throughout its KH timescale. If

m—— Bloated = [Jnbloated

Radius [Rg ]
=

BUTY 107 10° 10° 10°
Mass [Mg ]

Figure 1. Relation between stellar mass and radius at un-
bloated and bloated states at the ZAMS time. The dot-
ted curve denotes unbloated radii for > 30000 M. These
data points are not utilized, as the VMSs are too com-
pact to be stable to general relativistic instability with mass
2 30000 Mg for the unbloated cases.

a VMS successively accretes other stars within this KH
timeframe, it sustains this expanded state (T. Hosokawa
et al. 2012, 2013), which in turn increases the cross-
section for further stellar collisions.

We model the bloated state of a VMS as follows.
Since the maximum initial stellar mass in our clusters
is 150 M, any star exceeding M > 150 M is con-
sidered a collision product. For these objects, we pre-
scribe a persistently bloated state, where the stellar ra-
dius is determined by fixing the effective temperature
at Teg bloated = 95000 K. In this regime, we assume
that the luminosity is preserved from the unbloated
state (Lbloated = Lunbloated)a where Lynbloated is derived
from our stellar evolution model without considering the
bloated state. Specifically, the bloated radius Rpioated iS
expressed as

Rbloated — 49 % 103 Lbloated 1/2 Teff,bloated _(24
R@ ' 107'5 L@ Teff’Q

where Tog,o = 5777 K. As a VMS evolves into a post-
MS star, it may expand beyond this radius. Therefore,
the actual VMS radius Ry is given by

RVMS - maX(Rbloatcda Runbloatcd)a (5)

where Runbloated Tepresents the radius in the unbloated
case’. We maintain this bloated state even if the VMS
does not undergo a collision strictly within one KH
timescale; however, we subsequently perform a post-
processing analysis to assess the self-consistency of this
assumption.

4 This is because the effective temperature of a star can fall below
5000 K in our single-star evolution model. However, it does not
drop below 5000 K in the current simulations, and Rpjoated >
Runbloated always holds true.



In our post-processing analysis, we evaluate the self-
consistency of the bloated state model using three
distinct criteria. The first criterion is whether the
VMS sustains an accretion rate exceeding Mot = 3 X
1072 Mg yr=! (T. Hosokawa et al. 2012, 2013). The re-
maining two criteria pertain to the KH timescale of the
VMS, for which we consider two different physical cases.
Specifically, we calculate the KH timescale by adopting
either the bloated radius (Rploated) Or the unbloated ra-
dius (Runbloated ), While maintaining the unbloated lumi-
nosity (Lunbloated) consistently in both cases. These KH
timescales are given by

(tKH,unbloated) —925 % 104 ( ‘M )2
yr ].03 M@
Runbloatcd ! Lunbloatcd -t
x ( 106 R ) ( 1075 L ) ©
o) o)
(tKH,bloated) — 9.0 x 102 ( M )2
yr 103 Mg
% ( Rbloated )_1 (Lunbloated ) ! (7)
1037 R 1075 Lo
The use of tkH,unbloated a5 a criterion may be physically
justified because the bulk of the VMS mass remains cen-
trally concentrated, even when the envelope is bloated
(T. Hosokawa et al. 2012, 2013).

The collision criterion for a bloated VMS is identical
to that used for standard MS-MS collisions: a collision
is triggered when the separation between two stars be-
comes smaller than the sum of their radii. We assume
that these collisions are perfectly sticky, resulting in no
mass loss, and that the orbital angular momentum of
the progenitor binary is entirely partitioned into the spin
angular momentum of the collision product. It should
be noted, however, that since a VMS likely possesses a
distinct core-envelope structure, a stellar collision could
potentially strip the envelope. In such a scenario, the
orbital angular momentum might not be fully converted
into the spin of the resulting VMS. By adopting the cur-
rent assumption of full conversion and zero mass loss,
our model effectively provides an upper limit for both
the mass and spin growth of the VMS.

Figure 1 illustrates the relationship between stellar
mass and radius for zero-age main-sequence (ZAMS)
stars in both unbloated and bloated states. As shown,
the bloated radii approach a constant value for masses
> 10°Mg. This unreasonable thing happens for the
following reason. Our single-star evolution model is
based on fitting formulae derived from 1D simulation
results for stars ranging from 8 Mg to 1280 M. While

these formulae are extrapolated to the extremely high-
mass regime, it should be noted that this extrapolation

5

may no longer be physically robust for stars exceeding
> 10° Mg,.

For each initial condition, we conduct two separate
simulations: one applying the bloated state to collision
products and another omitting it. These cases are la-
beled as “Yes” or “No” in the “VMS bloated” column
of Table 1, and are further distinguished by the suffixes
“Y” and “N” in their respective model names. In total,
we perform eight simulation runs.

3. RESULTS

Runaway collisions occur in all our models, and
VMS masses exceed 1000 Mg, as the dynamical fric-
tion timescale for the most massive stars is sufficiently
shorter than their or VMS evolutionary timescales®.
The dynamical friction timescale can be expressed as

tayn ~ Mtrh,ia (8)
Mheavy,i
where Mieavy,i and Maye; are the heaviest stellar mass
and average mass at the initial time, respectively, and
tyn,i is the initial half-mass relaxation time. This initial
relaxation time is defined as

N
(Gph’i)l/Q 1n(0.4Ni) ’

teni = 0.0477 )
where V; and py, ; denote the initial number of stars and
the initial half-mass density, respectively. The dynami-
cal friction timescale for models M6D7H can be written
as

m
tayn ~ 1.6 x10° [ —2°
d <o.59 M@)

1
Mheavy trh,i

. (10

x (1501\4@) (11Myr> byl (10)

Note that models M6D7H have the longest dynamical
friction timescale among our models (see Table 1). The
dynamical friction timescale is much shorter than the
VMS evolution timescale (~ 3 Myr). In general, the
core relaxation time is used as the criterion for the on-
set of runaway collisions. In this study, however, we
adopt the half-mass relaxation time because the stars
contributing to the runaway process originated largely
from outside the initial core. This is evident from the

5 If this hierarchy of timescales is reversed, runaway collisions be-
come unlikely. In such cases, massive stars evolve into BHs be-
fore they can sink to the cluster center. Once formed, BHs have
a collisional cross-section that is orders of magnitude smaller
than that of stars, making further collisions with other stars
highly improbable. On the other hand, it has also been pointed
out that IMBHs could potentially form through pathways dis-
tinct from runaway collisions (e.g. M. Giersz et al. 2015).
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fact that the total mass of stars initially residing within
the core accounted for only ~ 0.5% of the cluster mass,
whereas the final VMS mass reaches ~ 1-10% of the
total mass.

Figure 2 illustrates the mass evolution of the most
massive star (i.e., VMS) within each star cluster. In
model M5D7K-N, the VMS mass reaches 2.2 x 10° M,
accounting for approximately 2.2% of the total cluster
mass. The VMS grows rapidly during the initial 0.1 Myr,
after which the growth rate declines as the cluster ex-
pands and becomes more diffuse due to two-body re-
laxation. By 1Myr, the mass growth has effectively
ceased. In contrast, for model M5D7K-Y, which incor-
porates the bloated state of the VMS, the growth is sig-
nificantly enhanced. Due to its increased cross-section,
the bloated VMS undergoes mergers more frequently,
reaching ~ 8.6 x 103 Mg, (or 8.6% of the cluster mass) by
1 Myr. Beyond this point, the VMS is expected to grow
further. The physical validity of adopting this bloated
state model is discussed in detail later.

When considering either the bloated or unbloated
VMS cases individually, Table 1 reveals that the mass
ratio of the VMS to the total cluster mass is consistently
anti-correlated with the initial half-mass relaxation time
(tyn,i)- In both scenarios, the mass ratio increases as the
initial mass density increases (cf. models M5D6K and
M5D7K), as the IMF becomes more top-heavy (cf. mod-
els M5D7K and M5D7H), or as the total number of stars
decreases (cf. models M5D7H and M6D7H). This consis-
tent trend arises because the runaway collision process
is fundamentally driven by two-body relaxation.

The spin angular momenta of the VMSs, normalized
to the dimensionless spin parameter, far exceed unity
(see Table 1 and Figure 2). These VMS spins can be
estimated as follows. The spin angular momentum of
a VMS evolves through a random walk, where each
step corresponds to the orbital angular momentum con-
tributed by a collided star. The total angular momen-
tum J can be approximated as

J ~ N, (11)

where N¢op is the number of stellar collisions, 7, is the
average mass of a star colliding with the VMS, b is the
typical impact parameter, and v is the 3D velocity dis-
persion of the cluster. The impact parameter b can be
estimated from the Keplerian limit as

V2Gmyvs Rvws

v

b~

; (12)

where myyms and Ryyvs are the mass and radius of the
VMS, respectively. Substituting Eq. (12) into Eq. (11),

we obtain

J ~ Njo/ﬁm*\/ 2GmvymsRvus. (13)

Assuming myns ~ Neon s, we can rewrite this expres-
sion as

J ~ mymsv 2Gm, Ryws. (14)

Normalizing this result to the dimensionless spin param-
eter, we find

J N 17( M, )1/2 ( MyMS >_1 (RVMs,)l(/fa)
Gmi s/ 10Mg 103 Mg 30Rg
where we have adopted the parameters characteristic of
model M5D7K-N. In Figure 3, we compare the VMS
spins obtained from our simulations with the values es-
timated using Eq. (15). We find that they are consistent
within a factor of a few.

In the following, we examine the simulation results for
the cases incorporating the bloated state, with a primary
focus on model M6D7H-Y. In this model, the accretion
rate of the VMS exceeds Mcm =3x 102 Mg yr~! dur-
ing the initial 0.5 Myr. Meanwhile, the time intervals
between successive stellar collisions remain shorter than
tKH,bloated throughout the first 1 Myr. Our analysis in-
dicates that the criterion that the VMS accretion rate
exceeds M, is the most stringent. If we strictly apply
this condition, the bloated state would be maintained
only during the initial 0.5 Myr. However, even if the
VMS follows our simulation results for the first 0.5 Myr
and subsequently ceases its rapid growth by transition-
ing to an unbloated state, it would still reach a mass
of at least 8.4 x 10* M. This corresponds to approxi-
mately 10% of the total cluster mass, which is more than
three times larger than the mass attained in a scenario
where the VMS remains unbloated throughout its entire
evolution.

For the three remaining models other than M6D7H-
Y, the time intervals between successive collisions are

shorter than ¢k unbloated but longer than ¢tk bloated (Se€
Figure 2). Furthermore, the accretion rate of the VMS
exceeds Mmt =3x1072 Mg yr~! only during the initial
~ 0.01 Myr, suggesting that the bloated phase may not
be long-lasting in these cases. Nevertheless, the VMS
mass at 0.01 Myr in the bloated case is already larger
than the mass at 1Myt in the unbloated case by 50%
(model M5D7K-Y) and 100% (model M5D7H-Y). These
results suggest that accounting for the bloated state is
essential for understanding VMS growth within the typ-
ical mass densities of LRDs.

Finally, we compare our results with several previ-
ous simulations of extremely dense star clusters resem-
bling LRDs. F. Pacucci et al. (2025) reported the
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Figure 2. Time evolution of VMS masses, accretion rates, dimensionless spins, and time intervals between collisions for each
model. Black and red curves indicate unbloated and bloated models, respectively. Thin grey and red curves in the top panels
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(see Eq. (7) and Eq. (6)). The dashed lines indicate an accretion rate of Meyi; = 3 X 1072 Mg yr~!, which is the lower limit for
keeping the bloated states suggested by T. Hosokawa et al. (2012, 2013).

formation of ~ 10* My VMSs within star clusters of ing to their conclusion that accounting for the bloated
~ 6 x 10° M. They found that the accretion rate re- state of the VMS is unnecessary. The discrepancy be-
mains below M = 3 x 1072 Mg yr~! over 1 Myr, lead- tween their findings and our results primarily arises from
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Figure 3. Relation between VMS spins in simulation re-
sults, and estimated with Eq. (15). These values are
equal on the dashed line. Circles and star marks indicate
the unbloated and bloated cases, respectively. We assume
msx = 10 Me.

the difference in the initial mass density of the star clus-
ters. While F. Pacucci et al. (2025) consider a central
mass density of ~ 107 My, pc™3, our simulations employ
a density of ~ 107 M pc™3 within the half-mass radius;
consequently, the central mass density in our models
is significantly higher than 107 M pc—3. Furthermore,
M. C. Vergara et al. (2025) identified a VMS exceed-
ing 5 x 10* Mg in a ~ 6 x 10° Mg, star cluster with a
half-mass radius density of ~ 7 x 10" Mg pc™3, which
is much higher than our cluster models. Although they
did not incorporate the bloated state, it is possible that
the VMS in their model would satisfy the criteria for
such a state.

4. DISCUSSIONS

It should be noted that the VMS masses and spins
obtained in our simulations represent upper limits, as
several mass and angular momentum loss processes were
not explicitly modeled. Stellar collisions themselves can
induce mass loss; therefore, the mass of a collision prod-
uct may be less than the combined mass of the two pre-
collision stars (M. Freitag & W. Benz 2005). Assuming
that a VMS rotates rigidly, we compare the VMS rota-
tion frequency (w) with the Kepler rotation frequency

(w):

w J/(kmyms Réys) o B 2 L2

VMS
Wk \/ GmVMS/R%/MS

k -1 i 1/2 e —1/2
~1.09 - (16)
0.075 10 Mg 3 x 103 Mg,

Here, k denotes the moment of inertia coefficient. The
second equality is derived by substituting Eq. (13) into
the expression for J. For the third equality, we adopt
k = 0.075, which corresponds to a polytrope with in-
dex n = 3 or, equivalently, a radiative sphere. Since the
VMS rotation frequency exceeds a few 10 % of the Ke-
pler rotation frequency, mass shedding is likely to hap-
pen during the evolution of VMSs from hydrogen burn-
ing to helium and carbon burning phases in which the
stellar core becomes compact (see below).

A similar reduction likely applies to the spin angular
momentum of the VMSs. Furthermore, we do not ac-
count for stellar winds specifically associated with VMSs
(J. S. Vink 2018), nor do we consider the potentially
enhanced stellar winds unique to the bloated state (D.
Nakauchi et al. 2020). During the post-MS phases, these
VMSs are expected to lose significant mass and angular
momentum via stellar winds, particularly if successive
collisions partially eject their hydrogen envelopes.

The dimensionless spin parameter of each VMS is
found to be of order 10. VMSs evolve from the MS
phase to helium and carbon burning ones, eventually
forming an oxygen-carbon core surrounded by an ex-
tended hydrogen and helium envelope (K. Takahashi
et al. 2018). The oxygen-carbon core finally becomes un-
stable to the electron-positron pair creation instability if
the core mass is smaller than 10*Mg, (M. Shibata et al.
2025), and if the core mass is large enough (> 140Mg),
a BH would be formed. The dimensionless spin for the
oxygen-carbon core is unlikely to be as large as ~ 10
because of the angular momentum transport during the
stellar evolution (K. Takahashi et al. 2018), but even
when it is 1-2, the remnant after the collapse is likely to
be a rapidly spinning BH surrounded by a massive ac-
cretion disk (M. Shibata & S. Fujibayashi 2026). Such
BH-accretion disk systems are capable of driving explo-
sions fueled by viscous heating and angular momentum
transport (H. Uchida et al. 2019), and may launch jets
exhibiting ultra-long gamma-ray bursts (Y. Suwa & K.
Toka 2011; T. Matsumoto et al. 2015) if the jets can pen-
etrate the massive envelope. These could be EM tran-
sients. Furthermore, these massive accretion disks may
experience one-armed spiral instabilities, emitting burst
GWs similar to those associated with GW190521 and
GW231123 (M. Shibata et al. 2021; M. Shibata & S. Fu-
jibayashi 2026). Consequently, the collapse of a highly
spinning VMS could manifest as a multi-messenger tran-
sient.

Note that the VMS reaches a mass of at least 8.4 x
10* Mg, in the MS stage for model M6D7H-Y. Such a
star should be categorized as a supermassive star (SMS),
which is subject to general-relativistic radial instability



(I. Iben 1963; S. Chandrasekhar 1964; Y. B. Zeldovich
& 1. D. Novikov 1971; S. L. Shapiro & S. A. Teukolsky
1983; G. M. Fuller et al. 1986). The collapse of an SMS
may also be observed as an EM transient (C. Jockel
et al. 2025). Regardless of its spin parameter, an SMS
is believed to undergo a thermonuclear explosion if the
metallicity is high with Z 2> 0.005 (K. J. Fricke 1973;
G. M. Fuller et al. 1986; P. J. Montero et al. 2012; C.
Nagele et al. 2020, 2022, 2023; C. Nagele & H. Umeda
2024) or if the SMS mass has a particular mass (K.-J.
Chen et al. 2014). If an SMS is rapidly rotating, a strong
shock wave is expected to form within the accreting ma-
terial surrounding the BH remnant, driving a powerful
outflow (W. H. Lee & E. Ramirez-Ruiz 2006; Y. T. Liu
et al. 2007; H. Uchida et al. 2017; S. Fujibayashi et al.
2025).

We note that it remains non-trivial whether these
VMSs/SMSs rotate rigidly. Since their spin angular mo-
mentum is primarily contributed by stellar collisions, it
is possible that only their stellar envelopes are rapidly
rotating, and thus, mass loss due to the stellar wind
may be more serious. To rigorously assess whether these
VMSs/SMSs undergo rigid rotation, three-dimensional
hydrodynamics simulations would be required to investi-
gate the effect of angular momentum transport. Recent
numerical simulations have suggested that collisions be-
tween MS stars amplify the magnetic fields of the re-
sulting products (F. R. N. Schneider et al. 2019; T. Ryu
et al. 2025; S. T. Ohlmann et al. 2025). Such magnetic
fields may facilitate the transport of angular momentum
from the stellar envelope to the core. In any case, our
cluster simulation results highlight the possibility that
VMSs/SMSs formed in dense star clusters could be even-
tually observed as EM and GW transients, powered by
the resulting BH-accretion disk systems. Even if they do
not explode, they could potentially become a quasi-star
or a BH envelope and grow into LRDs. At this time,
the envelope rotates sub-Keplerianly.

5. CONCLUSIONS

We have investigated the mass and spin growth of
VMSs in dense star clusters using gravitational N-body
simulations, with parameters inspired by clusters poten-
tially associated with LRDs. Our models incorporate
the bloated state of a VMS at the Hayashi track re-
sulting from successive stellar collisions. We find that
a single VMS typically grows to ~ 103-10* M, in each
cluster. Depending on the cluster parameters, the inclu-
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sion of the bloated state enhances VMS growth by sev-
eral tens of percent to several times. This demonstrates
the necessity of accounting for the bloated phase when
investigating VMS evolution in environments resembling
LRDs. Furthermore, these VMSs are rapidly rotating,
with dimensionless spin parameters of ~ 10 across all
investigated models. This high spin is well-explained
by the conversion of the orbital angular momentum of
collided stars into the spin angular momentum of the
VMS.

The masses and spins of these VMSs satisfy the nec-
essary conditions for rotation-driven EM and GW tran-
sients, which could be observable after the collapse of
the VMSs. A highly spinning VMS is expected to un-
dergo an explosion driven by a BH-accretion disk sys-
tem formed upon its collapse. Such systems are also
potential sources of burst GWs, similar to those associ-
ated with GW190521 and GW231123. Or possibly, they
could become a quasi-star or a BH envelope and grow
into LRDs.

Several physical processes were not explicitly included
in this study, such as mass and angular momentum loss
during stellar collisions, the internal redistribution of
spin angular momentum, and post-MS evolution. In-
corporating these effects will be the next crucial step in
refining our understanding of VMS mass and spin evo-
lution.
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