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Cosmic strings appear in many well-motivated extensions to the standard model of particle
physics. If they exist, an abundant population of compact objects known as cosmic string loops per-
meate the Universe at all times, providing a secondary source of density perturbations that are large
amplitude and non-gaussian in nature. In general, these loops are not stationary in the rest frame
of the dark matter, thus their relative velocities will typically seed both [spherical and filamentary
overdensities in the matter era. Building upon previous work, we provide an improved framework
to compute the complete halo mass function for these string seeded overdensities, valid for any
loop velocity distribution: Using this mass function, we also compute the subset of halos capable
of undergoing a direct collapse, forming a population of black holes with initial mass 10> M, at
high redshifts. Interestingly, for reasonable values of the string parameters, one can reproduce the
abundance of “Little Red Dots” as inferred by JWST.

I. INTRODUCTION

Over the past two decades, observations made by the
Hubble Space Telescope (HST), James Webb Space Tele-
scope (JWST), and numerous other instruments, have
uncovered an abundant population of massive objects at
high redshifts [THI3]. Most recently, the unparalleled sen-
sitivity of JWST has allowed us to discover a previously
undetected sample of red, compact galaxies dubbed little
red dots [I4HI8] which are also thought to host super-
massive black holes. Combined with observations of high
redshift quasars, the Universe appears to be much more
active at early times than was previously thought.

The presence of supermassive black holes at high red-
shifts [19] is particularly troubling from the perspective
of usual galaxy formation models. Assuming a stan-
dard ACDM Universe, the first black holes form from the
deaths of Population III stars. In principle, this could
lead to a distribution of black holes with initial mass
Mpy ~ 100 M at z ~ 20. However, even under the op-
timistic assumption of continuous Eddington accretion
from formation to detection (at e.g. z ~ 7 — 10), these
so-called light seeds [20H23] typically fall more than an
order of magnitude below the masses indicated by current
observationsT]

With the light seed origin of supermassive black holes
facing significant tension at high redshifts, more atten-
tion has been placed on formation mechanisms for “heavy
seeds”, in which black holes are created with an initial
mass in the 10476 M range. With heavy seeds, a more
modest accretion rate and merger history may be used to
grow these black holes in a way that allows them to match
observations [23] 26, 27]. One such mechanism capable
of producing heavy seeds is through runaway mergers of
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I Some notable examples include GN-z11 [24] (Mg ~ 1.6 X
108 Mg, 2z ~ 10.6), CEERS 1019 [25] (Mg ~ 107 Mg, z ~ 8.7),
and UHZ1 [26] (Mpu ~ 4 x 107 Mg, 2z ~ 10.1).

Pop III stars in the first galaxies [28, 29], though this
typically requires extremely dense environments. An-
other mechanism is through the monolithic collapse of
metal (and molecular hydrogen)-free gas clouds in the
early Universe [30H39], which are thought to form objects
known as direct collapse black holes (DCBHs). Satisfying
the DCBH conditions within standard ACDM is in gen-
eral difficult due to the abundance of molecular hydrogen
(Hz) in the first star forming halos at z ~ 20.

It has recently been shown, however, that enhanced
primordial density perturbations on small scales (k <
1 Mpcfl) can lead to the early collapse and subsequent
virialization of massive halos at high redshifts (z 2 200)
[40). At these redshifts, the cosmic microwave back-
ground (CMB) is sufficiently energetic to inhibit the
formation of Hsy, thus providing an ideal environment
for the production of direct collapse black holes. The
authors of [40] introduce the nomenclature not-quite-
primordial black holes (NQPBH) to describe the forma-
tion of DCBHs at high redshift, which we adopt here.
Their results are broadly consistent with other literature
on early structure formation from enhanced small scale
perturbations [41], 42].

The most robust constraint on the power spectrum at
these small scales comes from the production of CMB
spectral distortionsﬂ which are generated through the
silk damping of these enhanced perturbations [45] [46]
occurring at 10% < z < 10%. As an integrated constraint,
spectral distortions generated by the mild step function
considered in [40] (P:(k > 10>Mpc™') ~ 1077) are al-
ready at the upper bound provided by the COBE/FIRAS
experiment.

In light of this, it is prudent to revisit other scenar-
ios which are capable of forming sufficiently massive ha-
los at early times. Omne such scenario is that of the

2 Other constraints, coming from heating of ultrafaint dwarfs [43],
early reionization, and CMB accretion [44] may also be relevant
depending on the seed scenario.
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formation of structure around a distribution of cosmic
string loops. Cosmic strings can form during cosmologi-
cal phase transitions in the very early Universe, and ap-
pear in a wide variety of well motivated extensions to the
standard model of particle physics. Heuristically, one can
think of a cosmic string loop as a highly localized region
of space with a very high mass density, similar in spirit to
a primordial black hole (PBH). From the perspective of
structure formation, however, cosmic strings differ from
PBHs in two major ways. First, string loops are sourced
continuously at all redshifts, generically leading to a very
wide mass distribution. Second, loops are typically pro-
duced with a very high velocity relative to the dark mat-
ter, with numerical simulations indicating a central value
for the velocity distribution of (veom) =~ 0.3.

More recently, early structure formation around cosmic
string loops has seen a renewed interest [47H51] in light of
challenges to current astrophysical paradigms stemming
from the aforementioned observations. With some no-
table exceptions [47, [52], much of this work has centered
around accretion onto stationary objects due to the sim-
plicity of the growth rate. While a valuable first step, we
will show that only a very small fraction of loops are ex-
pected to accrete in this stationary spherical limit. Thus,
we improve this structure formation picture by combin-
ing and extending the formalisms set out by [47] and [4§]
to the case of a non-trivial distribution of loop velocities.
Importantly, the formation of string loops do not pro-
duce large acoustic waves, thus they are unconstrained
by CMB spectral distortion bounds [53].

The main purpose of this work is twofold. First, we
wish to provide a self-consistent framework which de-
scribes the formation and evolution of dark matter over-
densities and halos around string loops with any string
tension, and at any loop velocity. Second, under rea-
sonable choices for these string parameters, we wish to
compute the abundance of halos which are capable of
seeding direct collapse black holes. As we will show,
black hole abundances produced in these string-seeded
scenarios can be consistent with those inferred from ob-
servations of high redshift quasars and little red dots.

The structure of this paper is as follows. In Sec. [[I]
we provide a basic introduction to the theory of cos-
mic strings, including the expected abundance of loops
and general constraints on the string tension. Sec. [[T4]
provides an overview of the accretion rate in the case
of spherical, stationary loops. The growth rate around
moving loops is reviewed (and improved) following [47] in
Sec. [[TB] We provide a unified framework and derive the
mass function of string seeded overdensities in Sec. [[II}
Particular emphasis is put on determining the subset of
these overdensities which can host direct collapse black
holes, which we discuss in detail, before commenting on
the expected black hole abundances. We discuss a variety
of future directions and conclude in Sec.[[V] Throughout,
we use natural units in which h = ¢ =k, = 1.

II. COSMIC STRINGS

Cosmic strings are one dimensional topological defects
that can form when the Universe undergoes a phase tran-
sition [54H56]. The condition for the formation of cosmic
strings is that the true vacuum manifold (M) of the field
undergoing the phase transition must not be simply con-
nected. The prototypical case for this is when the true
vacuum manifold is that of a circle, M = S'. If such
a phase transition takes place, the Kibble mechanism
[57, B8] dictates that the formation of cosmic strings is
unavoidable in our expanding Universe, and a network
of such defects is established. The mass per unit length
(1) of the string is related to the scale of the phase tran-
sition (1) by the proportionality p ~ n?, and constraints
are usually set on the dimensionless quantity Gu, where
G is Newton’s gravitational constant.

Immediately after formation, the network exists as a
tangled web, which relaxes quickly to a scaling regime in
which the initial conditions of the phase transition are
washed outﬂ At this time, a few (N;) long strings ex-
ist, running through the entire Hubble patch, with total
energy density given by pso ~ Nyu H?. Consequently,
their fractional contribution to the energy density of the
Universe remains frozen in, as Qcs = poo/perit = Ne Gpa.
One way of searching for these long strings is by look-
ing for jumps in the CMB temperature anisotropies (the
so-called Gott-Kaiser-Stebbins effect [64, [65]) which are
induced due to the conical spacetime around a string. A
non-detection of this effect in the Planck/WMAP [66H68]
data therefore puts a robust bound on Gy at the level of
Gu <1077,

As these long strings evolve, they will experience inter-
sections and self-intersections, sourcing a distribution of
cosmic string loops, which also appear to follow a scaling
solution [59, [69H77]. The loops themselves are typically
formed with an initial size Lform =~ atform Where o >~ 0.1
is inferred from simulations. After being produced, an
individual loop will oscillate under its own tension, ra-
diating gravitational waves and slowly evaporating. The
energy loss in gravitational waves is a well studied con-
sequence of these oscillations, and is given by

P, ~T,Gu?, (1)

where I'y &~ 50 [78]. Assuming this to be the only source
of energy loss, the size of a string loop will evolve as

L(t) = Lform - FgG,U,(t - tform)~ (2)

Generally, @ > I';Gp leading to string loops that are
quite long-lived. Their decay and formation times can
be related through tgec ~ (o/T'sGpt)tiorm. Sophisticated

3 Simulations [59H63] indicate that it takes roughly ©(10) Hubble
times from string formation to the scaling regime, which at very
early times is incredibly rapid.



simulations [75] of loop production in the Nambu-Goto
limit (neglecting the intrinsic thickness of the string) have
provided us with the spectrum of these loops in the ra-
diation and matter eras
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where N is the physical number density of loops. The
first line corresponds to loops that are produced in the
radiation era, which may persist into the matter era be-
fore evaporating, while the second line is specifically for
loops produced after matter-radiation equality (¢t > teq).
The normalization coefficients are extracted from simu-
lation and found to be O(0.1) [75]. We will use values
of oy = 0.18, and ay, = ap/v/a =~ 0.57 [79] which en-
sures that the spectrum remains piecewise continuous.
Heuristically, at a given time ¢, the spectrum of loops
grows with a power law behaviour until a critical size,
Leie ~ I'yGut, below which the distribution flattens off.
Loops with L < L¢ decay within one Hubble time,
while L > L, are referred to as “long-lived”. The grav-
itational radiation produced by a distribution of loops
is known to source a stochastic background. Under the
assumption that the background detected by the pulsar
timing array consortium does not originate from loops,
one can set a stronger bound [80H84] on the string tension
of Gp < 10719, This bound is thought to be less robust
than the CMB limit, as it depends on the more uncertain
dynamics of the loop distribution, thus we will mainly be
concerned with string tensions satisfying Gu < 10~7. For
example, recent work [85] has shown that gravitational
wave emission from local strings is suppressed relative
to direct particle production, while for global strings the
Nambu-Goto approximation may break down as the core
of the string becomes delocalized.

Cosmic strings are solitonic objects, meaning that they
represent a region of trapped energy density. This energy
density gravitates, thus over time, cosmic string loops
will acquire dark matter halos. In the past, this fact has
been used to study a variety of effects, such as the pos-
sibility of early reionization [52], additional structures
at early times [47, 50], and the ability of string-seeded
halos to host intermediate mass black holes [86]. More
recently, N-body [49] and hydrodynamic [51] simulations
have been employed to study the evolution of structure
around a (stationary) cosmic string loop. Those articles
seem to indicate that the inclusion of these objects can
alleviate tensions between the abundant population of
high redshift UV bright galaxies detected by the James
Webb space telescope (JWST), and the standard galaxy
formation scenario assuming only Gaussian density per-
turbations.

In addition to this numerical work, there have been
advancements in our analytic and semi-analytic under-

standing of the precise growth rate experienced by a
string-seeded dark matter halo [48]. These improvements
come mainly from treating the string as an extended ob-
ject instead of a point mass when considering the turn-
around surface of a given shell of gas/dark matter. We
further extend these improvements by considering the ef-
fects of loop velocity in what follows.

Recently, Qin et al. have shown that sufficiently mas-
sive overdensities present at high redshift (z 2 200) yield
near-optimal conditions for direct-collapse black hole for-
mation. We note that DCBH formation in the context
of superconducting cosmic strings was considered in [87],
where the direct collapse conditions can be satisfied at
low redshifts due to an external photon flux coming from
the strings themselves.

In the following subsections, we show how cosmic
string loops can provide a viable source of these early
massive halos, without introducing an enhancement to
the primordial power spectrum. This allows us to fully
avoid bounds set by spectral distortions to the cosmic
microwave background [45] [46], freeing up some regions
of parameter space that would otherwise have been con-
strained. Following that, we discuss in more detail how
the direct collapse conditions are satisfied in the cosmic
string case, before finally computing the expected abun-
dance in Sec. [Tl

A. Spherical growth around a stationary loop

The accumulation of dark matter around an oscillat-
ing cosmic string loop was considered in detail in Hao et
al. [48] which we now summarize. Consider a string loop
comoving with the Hubble flow at some time ¢, whose
centre of mass sits at the origin of a polar coordinate
system with radial direction r. The standard picture is
that spherical shells surrounding the string loop will de-
couple from the Hubble flow and fall into the overdensity,
slowly building up a halo of dark matter.

There are two important scales to keep in mind. First,
the turnaround radius rT4 is the physical scale at which
a given spherical shell is stationary at specific point in
time, i.e. the moment in which the shell has ceased to
expand with the Hubble flow. After this point, the shell
begins its collapse into the string-seeded halo. Second,
the virial radius (ryi;) is the scale at which shell-crossings
occur, leading to the homogenization of the halo and es-
tablishing a virial core. The virial radius is usually taken
to be a reasonable proxy for the size of a given halo.
These two scales are roughly related by rma =~ 2ry;, and
the Zel’dovich approximation can be used to compute
rra in the context of cosmic string loops [48] [88].

Imagine now that we have a cosmic string loop with
total length L. Its approximate radius of curvature is
given by R = L/o, where ¢ = 2m would correspond to
a perfectly circular loop. The loop itself undergoes rela-
tivistic oscillations about its centre of mass with period
T ~ 27 R, which allows us to derive a time-averaged den-
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Figure 1. A heuristic description of the three different phases of accretion experienced by the string-seeded overdensity, in the
stationary limit. The point mass approximation is strictly valid in Region III. Figure adapted from [4§].

sity profile [4§]
p(r) s (5)
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This expression is valid provided that the oscillation
timescale of a loop is rapid compared to the typical
turnaround time of a mass shell. As a result, we will
primarily be interested in understanding the growth rate
of overdensities forming around cosmic string loops which
are sourced in the radiation epoch, but persist into the
matter dominated era. Quantitatively, this means that
we will be considering loops forming at zform > 2%eq,
roughly a Hubble time before matter radiation equality.
Specifically, p(r) describes how the mass distribution of
the oscillating loop is smeared out over its maximal radial
extent, from 0 < r < R.

The cosmic string loop is a bound object, whose phys-
ical extent is fixed by initial conditions at R, whereas
spherical shells of matter will initially expand (in physi-
cal coordinates) with the Hubble flow before falling into
the overdensity. Qualitatively, this means that the grav-
itational attraction felt by a given spherical shell will
depend on the initial position of the shell relative to the
loop radius R. In Figure [I} we show the three different
scenarios that can occur.

e Region I: The spherical shell starts (r;) and turns
around (rra) inside the extent of a string loop.
Namely, r; < rra < R.

e Region II: The spherical shell starts inside the
string loop, but turns around after radius-crossing.
Here, r; < R < rra.

e Region III: The initial size of the spherical shell is
larger than the loop, which implies R < r; < rra.

The point-mass approximatiorﬁ for the loop is strictly

4 This approximation assumes the entire loop mass is located at

speaking only valid in Region III, when a spherical shell
always feels the full extent of the gravitational potential
sourced by the string. Regions I and II represent impor-
tant corrections to the growth rate at the early stages of
halo formation.

Accretion onto a compact object can be well-described
using the Zel’dovich approximatiorﬂ which aims to
model the evolution of matter shells around the cosmic
string loop. Consider a comoving scale g, defined relative
to the centre of the loop. The physical distance from the
loop centre is given by

h(q, z) = alg — (g, 2)], (6)

where a is the scale factor (normalized such that a(tg) =
1), and 4 is the perturbation induced on the comoving
shell due to the compact object. In the absence of a
string loop, the shell would simply expand with the Hub-
ble flow. A shell turns around and begins to collapse onto
the overdensity when dh(gu1, dn1)/dz = 0. One can show
that this condition implies

dnl = _(1 + Z)

L md]

dz 1+ 2

Thus, if one solves for the evolution of the perturbation,
¥(gn1, ), it is possible to determine the size of a shell
that turns around at any given redshift, z. The general
evolution equation for v is

d2y 1 dy 3 _ 9GM(aq)t]
dz2 T 2(142)dz 2(1+z)2¢_ 4¢2(1 4 2)2° ®)

7 =0, in other words, that p(r) = ZZ4 §(r).
. . . . 4777"2 .
5 A more sophisticated analysis gives an O(1) correction to the

accretion process [§9HIT].




The derivation of this expression is detailed in both [54],
as well as Appendix A of [48]. Conservatively, we ne-
glect growth in the radiation era and use initial condi-
tions 9¥(2zeq) = d)(2eq)/dz = 0. The mass (of the loop)
enclosed within a comoving shell is given by M (aq), de-
termined through

M(aq) = /an dr 4mr?p(r), (9)

where p is the smeared density profile given in Eq. .
Once gy has been found, the associated mass of the halo
is simply given by

47

Maa(2) = puati (2) (10)

where pps = 3HZ/87G is the comoving critical back-
ground density.

1. Point mass limit (Region III growth)

In this limit, the enclosed mass simply becomes
M(aq) = pL, and Eq. [§| has a fully analytic solution,

9 GuLt? (1+ 2
I _ 2 0 eq
va2) = 15 = < T )
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In this case, we find that the scale turning around at
redshift z is given by

9 1+ 2
111 2 eq
= (ZGuL
Qi (2) (5Gﬂ t0<1+z)
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From here, it is straightforward to determine the total
halo mass at any point,

2 1+ 2z ~
Mo = 2o (S e

where we have approximated Hy = 2/(3tg). The term
M (2) captures effects relevant close to zeq, and has the
asymptotic limit M(z < Zeq) =~ 1. Its exact form can
be found in Appendix [A] Shortly after matter radiation
equality, the overdensity exhibits a growth-rate linear in
the scale factor, My1(2) =~ Mioop(@/Geq). It is important
to note that the point mass approximation is valid for
all shells with ¢ > R(1 4 zeq), as they originate from
beyond the string loop at matter-radiation equality. Re-
calling that the loop radius is related to the formation
time by R ~ (a/0)ttorm, we can use this fact to estab-
lish a relationship between the redshift of formation of
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Figure 2. Contours showing the redshift at which the point
mass approximation is valid, for a given formation redshift
Ztorm and string tension Gu. Above each contour, turnaround
shells originate inside the loop, while below the point mass
approximation given in Eq. is valid. We also plot the
redshift that a given loop decays using the dash-dotted line,
and dashed lines indicate zeq.

a 100p (zform), and the redshift at which the point mass
approximation is valid (zr).

This relation is shown in Fig. [2| for different values of
the string tension, Gu. For each string tension, the point
mass limit is valid beneath its respective curve. For lower
values of the string tension, shells take longer to turn
around and the point mass limit is only applicable for
very small loops. The dashed horizontal and vertical lines
correspond to zeq. The smeared density profile p is not
valid for loops forming after matter radiation equality as
the typical oscillation timescale is close to a Hubble time.
In this work, we have implicitly assumed that the size of a
given loop does not shrink substantially before the halo
achieves a mass of My ~ Mioep. After this point, the
overdensity becomes self-sustaining and will continue to
grow even if the loop disappears. For a chosen value of
G, this assumption is justified at all points above the
Zdecay contour on Fig. [2] This will always be the case for
loops forming at zorm < few x 10° for Gu < 1077,

~

2. Collapse of interior shells (Region I/II growth)

Shells that begin their journey at zeq with ¢ < R(1 +
Zeq) cannot be described by the point mass approxima-
tion, as they only feel the gravitational attraction from a
fraction of the total loop mass. Before crossing the loop
radius, the enclosed mass has another form, given by

2
M(aq) = ;/MTR arcsin (%) . (12)

For shells that originate and turn around near the loop
centre, one can approximate arcsin(ag/R) ~ aq/R. In



this limit, the non-linear mass again has a simple analytic
form, given by

3/2
i - (52 60)”
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(13)

As one may have expected, growth in Region I is inde-
pendent of the total loop radius, R. From the perspective
of shells in Region I, they see an ever-increasing source
of energy density as they expand.

It was found in [48] that growth in Region II follows
the same redshift dependence as in Region I, thus it is
reasonable to estimate M, ~ M. One can do slightly
better than this by demanding that at zij; the total ac-
creted mass matches between Regions I and III. Specifi-
cally we define MIIII/H(z) = A M} (z), where MIIﬂ/H(zHI) =
MM (z1p). Provided that zip < zeq, we find that the
fudge factor A can be well approximated by

2 1+z2 —3/2
A~ [ Z)10g [ 2 Zea , 14
[(77> Og<1+2m)] (14)

where zqp1 can be read off of Fig. [2]for a string loop formed
at redshift zg,, with tension Gu. In the case where
2111 © Zeq, One should use the full expression for the fudge
factor given in Appendix [A] The accumulation of matter
around a stationary loop can be reasonably approximated
by

A z > zm),
M (z) = {Mﬁl EZ)) ((z 2211113 19)

This form for the total accreted mass in a halo is valid for
loops moving slow relative to the dark matter rest frame,
which we elaborate on in the following subsection.

B. Cylindrical growth around a moving loop

The previous subsection gave us an understanding of
how an extended object acquires its dark matter halo
when it is stationary with respect to the Hubble flow.
Simulations [75] indicate, however, that string loops are
typically produced with a non-trivial relative velocity
which we denote as wvgorm. Without invoking model-
dependent couplings between the strings and the stan-
dard model sector, the only damping expected of this
velocity is due to expansion. Thus, the velocity at
some later time when the loop is contributing to struc-
ture formation is related to its formation velocity by
U(Z) = Uform(l + Z)/(l + Zform)-

The collapse of matter onto a moving cosmic string
loop was studied in detail by Bertschinger [91], who used

the Zel’dovich approximation to show that the total mass
of a filament is given by

3 1+ 2eq \
Mﬁ15,uL< 1+Z >M(Z) (16)
Interestingly, the total accreted mass was found to be
independent of the velocity of the loop, and receives a
small boost relative to the stationary (point mass) case
of Mu(2) = (3/2)M!MI(2). Unlike the stationary case,
however, the shape of the turnaround surface is highly
eccentric, resembling more of a cylindrical wake rather
than a spherical overdensity. The overall length of the
filament is simply given by the ballistic trajectory of the
string loop,

1 1 ~
Lm:z»,wmteq( *)( *Ze‘*)uz), (7)

1+2 1+Zform

where we have defined L(z) similar to M(z) in that

L(z < #eq) =~ 1, and has the explicit form

i(z):1_< Ltz )1/2.

1+ zeq

To go beyond this, we follow closely the formalism of
[47], who studied the possible longitudinal and transverse
instabilities that a string-seeded overdensity can experi-
ence. These instabilities can lead to collapse and in many
cases fragmentation of the cylindrical overdensity, yield-
ing many possible dark matter halos from a single string
loop.

Shlaer et al. [47] showed that moving loops can also
undergo two different regimes of accretion. In the first
regime, turnaround surfaces begin inside the loop radius,
similar to our Region I accretion above. These authors
simply neglect any growth of the overdensity when this
is the case. Once the turnaround surface exceeds the
loop radius, their formalism requires that the halo expe-
rience an “accelerated” growth regime, before eventually
catching up to the so-called “normal” growth limit (the
second regime) where the overdensity grows according to
Eq. .

In our analysis we consider that the filament grows
according to the “normal” growth limit at all times after
matter radiation equality. This is done for two main
reasons. First, as was shown in the stationary case, even
shells that begin inside the loop radius feel some fraction
of the strings gravity due to relativistic oscillations, which
serve to smear out the density profile. Secondly, while
at some point z;, a particular turnaround shell may be
inside the string loop, at some later time z; the loop
has moved relative to the shell and more of this smeared
density profile is felt by the test particles. For rapidly
moving loops, these two times are rather close together,
thus Eq should yield a reasonable approximation at
all timed’|

6 Properly incorporating the effects of both the relative loop ve-



1. Longitudinal filament collapse

String loops moving with a low enough relative velocity
at matter radiation equality can suffer from longitudinal
collapse, which, for the purposes of this work, means that
the stationary spherical accretion discussed in the last
subsection can be applied. To roughly estimate the nec-
essary conditions for spherical collapse, we can compare
the contributions to the expansion of the filament coming
from the Hubble flow, to the piece developed due to the
peculiar motion of the loop. For a filament of length Lg,
these two velocities are given by [47]

Lg
UHubble = T(l +2)%2,
0

G Mg to
v ~
long L{%l (1+Z>3/2
When vhubble 2 Viong, Spherical collapse occurs as the
motion of the loop provides only a subdominant contri-
bution to elongating the turnaround surface. Equating
these two yields the redshift below which spherical col-
lapse should commence

L3(z @

(14 2sc) ~( ) 4507
M(Zsc) 5vf0rm

Gu(l 4+ ztorm)- (18)

Recall that for z < zqq, we simply have L~Mn=~1,so
we can usually neglect this contribution. As expected,
the favourable conditions for spherical collapse are high
string tensions, early formation times, and low formation
velocities.

2.  Transverse filament collapse

As we will see, the vast majority of parameter space
yields zgc < 0, which means spherical collapse is never
justified. In this case, one can instead consider insta-
bilities which occur along the direction transverse to
the symmetry axis of the cylindrical overdensity. These
transverse instabilities will cause the cylindrical overden-
sity to fragment into many near-spherical overdensities,
referred to in this context as beads.

Shlaer, Vilenkin, and Loeb [47] first considered this
fragmentation process in the context of string loops. At
2z < Zeq, the filament increases in longitudinal size from
the motion of the loop, while also increasing in radial ex-
tent from the subsequent infall of dark matter onto the
cylinder itself. These authors posited that once this ra-
dial extent exceeds the Jeans length at a particular red-
shift, the instability is triggered and the cylinder frag-
ments into many near-spherical regions [47, [092]. The

locity and the relativistic oscillations is beyond the scope of this
work, though some preliminary steps to understanding this have
been presented in [48].

physical size of the largest of these beads was determined

to be
aGu (14 zeqg 1+ Zeq
Vform 1+2 1+ Zform

The average number of beads expected in the fragmen-
tation process is thus npeaq = L1/ Lbead, given explicitly
as

L 3 1/2
Nbead = 3 (Z) <Uform> (

207 a

1/2

Lyead = 207T'teq

(19)

1+=2
1 + Zform

1/2
) G
(20)

The number of beads at any given redshift need not
be a whole number within this approximate scheme, so
one should interpret the total number of halos formed
from a given string loop at redshift z as nnalo,100p =
Max[1, Floor(npeaq)]- Perhaps most importantly, the
mass of a bead grows with time following Mycad,n>1 =
MGz /nbead, provided that npeaq > 1. For this we find

teq M(2)
G L(2)

y {aG,u ( 1+ 2eq > (1 +zeq>r/2
Vform 1+ Zform 1+z ’
Thus, the true accretion rate of a string-seeded halo mov-

ing with a non-negligible velocity with respect to the dark
matter is given by

Myead, N>1 =4

M (z) = Min(Mgi, Myead,N>1)- (21)

Each string loop in this case is capable of sourcing a
number of sizeable overdensities given by nhalo,100p, Which
is defined above.

In Fig. [3| we provide a comparison between the total
accreted mass in each different regime as a function of
redshift. To highlight the relevance of each effect, we
consider a loop forming at zeym = 10* with string ten-
sion of Gu = 1078, and vary its formation velocity. The
left hand panels in this figure show the halo mass for
a particular loop velocity, while the right-hand panels
shows the number of beads expected. In the left panels,
the type of accretion that is applicable for a given ve-
locity is labeled using a solid curve, while the unrealized
mechanisms are given by the faded dotted lines.

In the top two panels, the slowest possible loopsm are
considered, with vgym = 5 x 1074, In this case, one finds
that zsc > 2.q, thus the spherical collapse formalism can
be used to determine the growth rate. For these loops,

MM growth is observed at high redshifts, with a tran-

nl
sition to the point mass limit (M) around 2 ~ 400.

7 Of course, the non-linear mass in this panel accurately describes
any loops produced with v < 5 x 10~4.
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Figure 3. From top to bottom, we show the total accreted mass in dark matter halos around string loops with increasingly
large velocities relative to the dark matter. We choose benchmark parameters Gu = 1078, Zform = 10* as they highlight all
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active accretion paradigm is labeled with the solid line, while the unrealized ones are shown as dotted lines, for comparison.



Loops that form earlier will have zrj; closer to matter
radiation equality, but the overall halo mass will be sup-
pressed due to the fact that the loop is smaller and thus
less massive. Clearly, the number of beads in this sce-
nario is Npeaq < 1 implying that no fragmentation oc-
curs.

The middle two panels showcase slightly faster loops,
with 1 + 2z, < 0, implying that the stationary spherical
accretion case never applies. At the same time, the loop
is not moving fast enough for fragmentation to occur, as
is evidenced by the fact that we have npeaq < 1. In this
case, the total halo mass is simply the Mjz), and has a
somewhat elongated shape. Nevertheless, we still expect
that at late times, the filament will collapse if the Jeans
mass is exceeded.

Finally, the bottom two panels showcase the evolu-
tion of halos in the fragmented scenario, triggered by the
transverse instability mentioned above. Efficient frag-
mentation requires viorm = 0.1, which as we will see
shortly is a rather typical value from string network sim-
ulations. In this case, the mass of each individual bead is
suppressed, with that suppression growing as the velocity
increases. Since the total mass in a filament is velocity
independent, however, conservation of mass tells us that
Npead TiSes in response. For vy, = 0.3, it is typical for
a loop to source O(10) dark matter halos.

8. Loop velocity distribution

As we have seen in the previous subsection, as well as
in Fig [3] the type of accretion a string loop undergoes
is highly dependent on its velocity relative to the dark
matter. When produced, numerical studies indicate that
loops tend to have a fairly wide range of initial velocities.
To our knowledge, simulations have not yet bestowed us
with a full velocity distribution, but rather seem to indi-
cate that the distribution appears to be peaked around
Viorm =~ 0.3, with wide tails. In order to estimate the
effects of this velocity spread, we posit that a reasonable
PDF for the distribution is given by

f(Uform) = vi20rm(1 - v?orm)p‘ (22)

Phenomenologically, p = 10 yields (vgorm) ~ 0.3, and
leads to a normalization constant of B ~ 85. In what
follows we will use this distribution when computing mass
functions discussing abundances of direct collapse black
holes.

As discussed earlier, we are mainly interested in loops
forming at zform > 2%eq. In Fig. 4] we show the different
accretion regimes experienced by a loop for a given zgom
as a function of the formation velocity. We choose to
evaluate the respective accretion conditions at a redshift
of z = 500, which as we will see in the next section is
roughly the time in which the direct collapse of baryons
may occur in a string-seeded overdensity.

In this figure, regions to the left of the blue line expe-
rience spherical growth, following Eq. . Regions be-

T
—= Gu=10"7 |
— Gu=10"%—}
-9 1
=== Gup=10"° |
z =500

Loop Decayed

10° 4

Zform

Stationary
(spherical) |/

10* 4 *

Uform

Figure 4. Different accretion scenarios for a given zgoym and
Vtorm- As the initial loop speed is dialed up, one transitions
from stationary (left of the blue curve), to filamentary (be-
tween the blue and green curves), and finally fragmentation
into beads (right of the green line). For the velocity distribu-
tion given in Eq. , the vast majority of loops produce a
number of beads which will then grow independently. Stars
indicate parameter choices whose detailed accretion rates are
shown in Fig. [3]

tween the blue and green contours develop elongated (fil-
amentary) turnaround surfaces without fragmentation,
while to the right of the green contour fragmentation
into beads will occur. We show how these contours shift
for different values of Gu = (1077,107%,107?), with the
dash-dotted, solid, and dashed lines respectively. From
left to right, the stars represent benchmark cases that
were presented in Fig. [3| (from top to bottom). At
z = 500, the red horizontal lines indicate at which forma-
tion redshift (for a given Gu), the string loop will have
fully decayed. We remind the reader that the decay of
a string loop does not mean the halo or filament ceases
to grow, but instead that these cases need to be han-
dled more carefully. Finally, the two dotted vertical lines
highlight the velocities below which only 10% and 1% of
loops are produced, following Eq. . As can be sur-
mised by the 1% and 10% contours, the vast majority of
loop-seeded overdensities following this distribution ex-
hibit cylindrical fragmentation.

III. DIRECT COLLAPSE OF STRING-SEEDED
OVERDENSITIES

It has been shown that under the right set of crite-
ria, it is possible for baryons in a halo to undergo direct
collapse [30H3§]. In these scenarios, collapse is preceded
by a period of atomic cooling, and occurs in a mono-
lithic (i.e. unfragmented) fashion. This collapse forms
and feeds a central object, shown in various simulations
to either be a black hole, or an unstable protostar which
typically collapses into a black hole on relatively short



timescales. These numerical studies have furnished us
with a set of conditions on the halo under which direct
collapse is likely to take place:

o Sufficiently hot: Halos are required to achieve a
virial temperature of Ti;, > 10* K. Above this tem-

perature, atomic cooling is triggered and signals the
onset of the collapsing phase.

o Sufficiently pristine: Halos must not be polluted
by a significant fraction of heavy elements or
molecules. The presence of these pollutants provide
additional pathways for the gas to cool, preventing
it from reaching the atomic cooling threshold.

o Sufficiently massive: If a central object is to form,
it needs to be accompanied by sufficient material
that it is able to accrete. Simulations indicate that
the object needs to sustain a rate of M ~ 0.1 —
1 Mg /yr for roughly 10° years in order to grow to
a so-called heavy seed.

Practically speaking, the pristine condition actually de-
mands two things. First, the production of heavy ele-
ments requires some level of star formation. A trivial
(but useful) solution to this condition is to only consider
halos at times earlier than the typical redshift of star
formation, say z 2 20. Second, to inhibit the creation
of molecular hydrogen (Hsz), one typically requires a sig-
nificant flux of Lyman-Werner photons (10eV < E, S
13eV) to provide direct dissociation or to disrupt its
other formation pathwaysﬂ Notably, Qin et al. [40] have
recently highlighted the fact that the cosmic microwave
background is sufficiently energetic to suppress Ho for-
mation at z 2 200 [93H95).

With this in mind, it becomes clear that dark matter
halos present at high redshifts need only to satisfy the
sufficiently hot and massive conditions in order to pro-
vide ideal breeding grounds for direct collapse black hole
formation. The main aim of this section is to determine
precisely which subset of string-seeded overdensities can
meet these criteria, and thus produce heavy seeds at early
times.

A final salient fact to keep in mind is the relative
streaming velocities between the baryons and dark mat-
ter after recombination [96]. One can argutﬂ that baryons
are unable to fall into potential wells sourced by early
overdensities unless the relative velocity between the
baryons and dark matter is less than the associated
virial velocity of the halo. For atomic cooling halos
(Tyir =~ 10*K) this occurs at z ~ 500. In what follows
(and also in Fig. , we evaluate our direct collapse con-
ditions and mass functions at this redshift for maximum

8 Tt is precisely this lack of Lyman-Werner background that makes
the direct collapse of halos formed from ACDM seeds at z ~ 20
improbable.

9 See the end matter of [40] for a back-of-the-envelope estimate of
this.
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clarity. Of course, all expressions derived in the main
text retain their full time dependence, allowing one to
easily translate our results to any redshift.

A. Sufficient temperature
The virial temperature around a spherical overdensity
is well known [97] to be given by
pwmpG My
)

Tvir

Tvir = (23)
where ;1 >~ 0.6 is the mean molecular weight of hydrogen,
and my, is the proton mass. Around a stationary cosmic

string loop, one can approximate this by setting M, =
My" and 7y = 701/4 = qu/[4(1 + 2)] to find [87]

2/3 1/3
T~ 107K Gu / 1+2 /
Ve 10-8 1+ Zform

x (Hz‘l> M3(z). (24)

1+ Zform

Requiring TI > 10* K at roughly z ~ 500 provides a
rather lax requirement on the string tension and forma-
tion redshift. When the loops form with a non-negligible
velocity, however, it was shown [47, 98] that the virial
temperature can be estimated by replacing M, = Mg

and ryi; = Lg) in Eq. . For z < zeq, this yields

Tﬁ-l ~ 104 K GM <vform) -
vie 108 0.3

()i w

Clearly, this leaves less room to adjust the model param-
eters while still satisfying Tiir > 104 K, though loops in
the low velocity tail of the distribution will still tend to
produce sufficiently hot halos. Aside from M /L (which
yields a small enhancement at early times), the virial
temperature of a filament is redshift independent. In de-
riving Eq. Eisenstein, Loeb and Turner [98] assumed
an infinitely straight, isothermal cylinder with constant
mass density. Note that this simplified picture neglects
the fragmentation of the cylinder, and one may expect
that the virial temperature within any individual bead
could be higher than that given by Tfllr as the beads
form and subsequently grow in a quasi-spherical way.
We leave a more comprehensive analysis of the virial
temperature within a bead to future work, noting that
Eq. provides a conservative lower bound when as-
suming TPed = Tfl = Under this assumption we have

the requirement
. G 1 M
vin, <03 (G) (LE 2 Y MG )
10 1+ Zform L(Z)

in order for the halo to attain the required temperature
to undergo atomic cooling. This condition holds for both



the beaded and filamentary scenarios. Extraordinary low
velocity loops (vorm < 5 x 107%) would need to be ana-
lyzed by applying the virial condition on Eq. [24] With
the velocity distribution given in Eq. , the fraction of
loops satisfying this is ~ 10~?, thus we can safely neglect

this population of slow movers.

B. Sufficient mass

Considering now only loops with an appreciable ve-
locity, the second condition on the string-seeded halo is
that sufficient mass (M, 2> 10° M) is present at the
time of direct collapse. Satisfying this condition depends
on whether the overdensity is filamentary, or fragmented,
so we present both cases. In the case of fragmentation
into beads, the growth of a fragmented halo is given by
Eq. , which gives the following condition on the ve-
locity

. 2/3

eSS < 1.44( Gy ) ( L Zeq ) M(z)

10-8 1+ Zform L(Z)
14 2eq

X ( T2 ) . (27
An examination of this condition reveals that it is in fact
degenerate with Eq. . The larger prefactor and the
(1 + 2z)~! dependence ensure that if the virial condition
is met, each bead will have more than enough mass to
grow the central black hole/protostar.

When fragmentation does not occur, the filament re-
mains connected but grows to be highly elongated. As
we saw earlier, the total mass of the overdense cylinder
is velocity independent, thus one can instead rephrase
the sufficient mass condition in this case to one on the

formation redshift. By requiring that Mg, > 10° Mg, we
find

(iﬁf) <50 {M(z) (1(0;:) (11++qu>}1/2.
(28)

Typically speaking, halos and filaments generated by
loops forming at zform = 1022;eq will be unable to host
a direct collapse black hole. Usually, however, the suf-
ficient mass constraint is superseded by the virial con-

straint discussed in the previous subsection.

C. Abundance of direct collapse black holes

We are now in a position to consistently determine the
abundance of string seeded halos. The full mass function
of halos is given by

dNpalo /1 dN oL
= d orm orm alo,loop 77 Qa7 2
5T, | du f (Vform) Nhato, 1 P AL B (29)
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where f(v) is the normalized velocity distribution func-
tion, dN/dL is the spectrum of loops, and OL/OM is
the Jacobian transformation taking us to whichever ac-
cretion scenario is relevant for a given choice of model
parameters. The Jacobian factors are given explicitly in
Appendix E As described above, nhaloloop = 1 counts
the number of halos sourced by a single loop.

A subset of these halos will also be both heavy enough
and hot enough to host direct collapse black holes. We
are most interested in their mass function, given by

dNualogr AN dN dN

dM dem N dMﬁl * deead .

(30)

For typical velocity distributions (like the one considered
in Eq. ), the fraction of loops moving slow enough to
accrete in the stationary point mass limit is negligible,
thus we neglect the first term. Consider now the second
term, which comes from filaments that do not fragment.

A reasonable approximation to the mass function is given
by

S I A AN L
dMﬁ] . - 0 Vform J (Uform ) Thalo,loop ar 8Mﬁ1
dN 0L il
= 97 d rm rm ). 31
dL oMz J, Vtorm f (Veorm ) (31)

Where vg = Min(vi8 | oy ) is determined by either
the velocity below which the virial condition in Eq.
is met, or the velocity above which fragmentation oc-
curs. One can derive the fragmentation velocity by set-

ting npead = 1 in Eq. , which yields

Ufrag ~ 8 x 10_3 G,LL 13 1+ Zform /3 (32)
form — Ez/g(z) 1078 1 + z ’

In Fig. [5] we compare this fragmentation velocity (green
curve) with the virial velocity (red curve) given in
Eq. . Recall that zform, the loop size (L), and the
halo mass can all be directly related to each other us-
ing expressions found in Appendix [B] For cylindrical
overdensities, there is an unambiguous relationship be-
tween the formation redshift and the filament mass. The
most prominent contours correspond to string tensions
of Gu = (1077,1078,107?) in the top left, top right, and
bottom left panels respectively.

Regions shaded in red indicate which parts of the pa-
rameter space the virial temperature of an overdensity is
T < 10*K, thus atomic cooling cannot occur. We note
that this does not preclude the formation of dark matter
halos, merely that halos forming from smaller and faster
loops will tend to be rather cool. The green contour de-
marcates the formation velocities in which fragmentation
is expected to occur, with beads forming to the right of
this line.

The gray dotted lines mark the maximum (zform =
2%eq) and minimum (Zgecay 2~ Zeq/2) loop sizes considered
in this work, with further details found in Appendix [C]
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form

curves always occurs at M = M,. Bottom right: above the blue curve fragmented cylinders will never produce beads with

T > 10* K, whereas below one will find hot filaments and beads.

These gray shaded regions should not be thought of as
hard cutoffs to the corresponding mass function, but
rather regions of parameter space in which a more re-
fined analysis is required, which we defer to future work.

The bottom right panel shows contours of viiT = v*&
for a given string tension, as a function of redshift. In
the blue shaded regions, beads produced by fragmented
filaments will never be hot enough to host a direct col-
lapse black hole. Note that the intersection of the vertical
“z = 500” line with any of these blue contours corre-
sponds exactly with the intersection of the green and red
curves in the other panels. The mass scale that corre-

sponds to this intersection is given by

/ - 1/2
mwr, (52) (22)7

1+=2 M(z)

Interestingly, this critical mass is dependent only on red-
shift.

Fig. [5] is highly informative, as it allow us to visual-
ize the integration bound in a straightforward manner.
Moving from left to right along the vg,,, axis, the upper
bound on the filament mass function will be given by ei-
ther the virial or the fragmentation velocity, whichever is
encountered first. The least massive string loops (those
forming at high redshift) will only produce filaments that
are hot enough to host a DCBH. More massive halos
will instead possess both hot filaments and beads. The
transition between these two regimes happens at exactly
Mg = M.,.

Let us now return to the determination of the filament
mass function, Eq. . Neither the loop number density
nor the Jacobian factor depend on velocity, so we are free
to pull them outside of the integral. In addition to this,
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least one of the direct collapse criteria is not met.

Nhalo,loop = 1 in the filament scenario. At this point,
the integration over f(v) may now be performed with
no additional subtleties. For completeness, we use the
number density of loops evaluated at matter radiation
equality, as this provides the initial conditions for the
spectrum of overdensities. Explicitly, we use

aw__
AL 22 (L + Ty Giteq)/”
_ 5/2
oap (3G [1+ 2eq] M(2) (34)
tgc/l2 5G 1+2 Mﬁ] '

In going to the second line, we have written L = L(Mp))
which can be readily derived by integration of the Jaco-
bian factor given in Appendix [Bl We have also neglected
the term proportional to the I'y, as we will only be con-
sidering loops which survive for at least a Hubble time
after recombination. For those loops, L > I'yGuteq and
the approximation is justified. In this setup, the Jaco-
bian factor then acts as a transfer function which evolves
the total halo mass to later redshifts. The central ob-
ject we wish to compute is the comoving mass function,
which is given by

dN 1 dN
= 35
dMgi |, (1 + zeq)® dMar |, (35)
If we now define
Vfil
F(Uﬁl) = deorrn f(Uforrn)7 (36)

0

we can then perform some simple algebra to find the

relatively tidy expression

_ar[&eq G (1+zeq>r/2 Mg
3, 15G M(z) \ 1+ 2 (1+ 2eq)?

dN
d Mg

C

Uform

X [F( Vir YO(M, — Mg)O (Mg, — 10° M)

()00 — M), (37)
The Heaviside functions in the second line enforce the
DCBH conditions for loops forming at high redshifts,
while the third line provides the case for late forming
loops with Mg, > M,. Inserting values yields the per-
haps more enlightening form

. l4x10M Gu \*? ( Ma\~?
o (14 2)3/2N1(2)3/2 \ 108 M.,

[ PO, ~ M) — 10° M)

dN
d Mg

+ F(v2 )0 (Mg — M*)] Mg Mpe™®. (38)
We note that these results are roughly consistent with the
mass function inferred by Hao et al. [49)] in the (perhaps
unlikely) limit assumed by these authors that all loops
are slow moving (F(vgi‘i) =0 and F(vyr ) =1, and
M, — o).

We show the scaling of F(vg)) as a function of the fila-
ment mass in the left hand panel of Fig.[6] As discussed,
light filaments (stemming from light loops) are bound by
the condition on the virial velocity, shown as the blue
contours satisfying My < M,. The orange contours
to the right showcase the fragmentation velocity bound.
The shape and power-law break of F'(v) can be identi-
fied with the green and red lines in Fig. [5l The brackets



indicate the minimum and maximum halo masses for a
given Gu value. Filaments in the red shaded region with
Mg < 10° Mg do not satisfy all of the DCBH criteria.

A similar analysis can now be performed for the frag-
mented (or beaded) scenario. We are now required to
compute

dN
deead

1
= /f - dvform f(Uform> Tlhalo,loop
C v

form

y 1 @ oL
(1 —+ Zeq)3 dL 8Mbead.

(39)

The upper bound on this integral goes to 1 instead of
vy because there is no longer an unambiguous rela-
tionship between ziorm and Mpeaq. In other words, a
loop forming at some zf,m can produce a heavy bead
if Veorm 2 vff)‘:rgn or a light bead if viorm ~ 1. Thus, we
are required to integrate over all velocities in which frag-
mentation occurs. One can show that the subset of loops
satisfying Tyi, > 10% K is simply given by Mpeaq > M,.
With this in mind, we can once again perform some
algebra to find that the integrand is proportional to vf;rlm.

It is then prudent to define a new function

1
S (vs
KEE) = [ dugy L0,

form
form

in order for us to cleanly write the mass function for the
beaded regime.

AN | 1 M(2)%3 (Gw)? (teg )™ (14 20\
AMpead |, 4 L(2)2/3 13, <G> <1+Z>
Mt;i{ig frag
X m[((vform) G(Mbead - M*) (40)

Some of the numerical factors have been evaluated to ob-
tain the 1/4 coefficient. We remind the reader that for
the beaded scenario, the sufficient mass condition is al-
ways satisfied when the virial condition is met. Inserting
units once again provides a more insightful form

AN | 19X 10M M(2)5/3 [ Gu \* [ Myeaa\
AMyead |, (142)> L(2)2/3 \10-8 Mg,
x K (8 ) ©(Myeaq — M) M3" Mpe ™.

Vtorm

(41)

We show K (v) as a function of the bead mass in the right
hand panel of Fig. @ Unlike F'(v) which suppressed the
mass function for filaments, this term provides a mild
enhancement of the order K (v) ~ 4 for heavy halos. This
makes sense, as the velocity distribution we have chosen
in Eq. peaks around vgom, =~ 0.3, where most loops
will tend to produce beads instead of filaments. Here,
we require Myeaq > M, =~ 107 Mg, in order to satisfy the
virial condition.

Eqgs. and are simple analytic expressions
which accurately describe the comoving mass function for
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filaments and beads satisfying the direct collapse black
hole conditions.

One particularly useful aspect of these expressions is
that the incorporation of a different f(viorm) only re-
quires one to recompute the F(v) and K (v) functions.
For example, Shlaer et al. [47] make the assumption that
f(v) = 0(Vtorm — 0.3). With this, we find F(vg) = 0 and
K (v*8 ) = 10/3, which reproduces the “normal growth”
mass function derived by these authors. Thus, our ex-
pressions provide a generalization of the mass functions
to any loop velocity distribution in a straightforward way.

We present these mass functions in Fig. [} The top
and middle plots showcase the expected comoving num-
ber density of filaments and beads respectively, for dif-
ferent values of Gu. As expected, higher string tensions
lead to more massive dark matter halos, albeit over a
tighter mass range. This is due to the fact that as one
raises G, loops decay faster, and thus at matter radi-
ation equality there are simply fewer loops around that
formed at high redshift. In fact, observing a somewhat
sharp lower cutoff in the mass function at high redshifts
would be a smoking gun signature of string-seeded dark
matter halos. If detected, the exact position of the cutoff
could easily be used to infer the value of Gp.

The power law break at M, for the filament mass func-
tion comes entirely from the piecewise continuous nature
of F(v). It’s worth noting that it is possible for a fila-
ment to have M < M,, while still satisfying Tyir > 10* K.
This is in contrast to the beaded scenario, which requires
M > M, for any beads wishing to trigger atomic cool-
ing. Though difficult to see, the G = 10~7 curve in the
bead mass function also inherits some curvature from the
corresponding K (v) dependence on Mpeaq.

The bottom panel corresponds to the total mass func-
tion of halos capable of hosting direct collapse black
holes, schematically given in Eq. . Practically speak-
ing, this mass function is constructed by summing the fil-
ament mass function with the sub-population of beaded
halos satisfying Myeaq > My. The hard cutoff imposed
at M, is the reason for the piecewise nature of the total
mass function.

Providing the mass functions for string-seeded over-
densities satisfying the direct collapse conditions was the
primary aim of this work, but we can go a bit further by
making some assumptions about the procedure of black
hole formation. Heuristically speaking, baryons will be-
gin to fall into the string seeded halos at around z = 500,
after which they will virialize. The virialization proce-
dure takes roughly a free-fall time, given by

3 s
tg ~ ~ _—H 1
T\ 32Gpe 2

In terms of redshift, this provides us with a virialized
halo of baryons at roughly z ~ 225, at which point the
direct collapse of the halo begins. Provided that the halo
remains at the atomic cooling threshold throughout the
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Figure 7. From top to bottom, we show the mass functions for
filaments [Eq. ], beads [Eq. ]7 and the total population
which could host direct collapse black holes [Eq. (30)].

collapse, a central protostar is quickly formed, with sim-
ulations indicating it grows at a hypereddington rate of
M ~1Mg/yr [38,09HI0T]. These same simulations indi-
cate that hypereddington growth is terminated once the
protostar reaches a mass of Mps ~ 10° M, after which
it collapses into a black hole of similar size. Subsequent
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growth of the direct collapse black hole occurs through
more well-understood channels, which for the purposes of
this estimate we will take to be a fraction of the Edding-
ton rate. Therefore, the number density of direct collapse
black holes is simply given by the number density of ha-
los satisfying the direct collapse criteria, in other words,
an integral over the mass functions presented above.

In this framework, the initial source population of di-
rect collapse black holes is monochromatic (MPSBH ~
10° M). This is in contrast to the assumption made
n [95], that the DCBH mass at formation is given by
some O(1) fraction of the halo mass. The variation in
high redshift black hole masses inferred by observation
thus stem from the specific accretion conditions in each
galaxy (e.g. a variation accretion geometries, duty cy-
cles, or other difficult to model effects). We are then
interested in calculating

Minax dNHalo,BH aM

dM , (42)

NpcH = €L/
Max(Mmi,,,105 M@)

where €y, is a suppression factor dependent on the angular
momentum distribution of string seeded halos. Although
not discussed in detail above, direct collapse does require
the angular momentum of a halo to be sufficiently low
[36, 102, 103]. For typical gaussian perturbations, this
suppression factor is typically around the 10% level [40]
at low (z < 100) redshifts. No detailed study exists for
string-seeded halos, though it is not hard to imagine that
the rather exotic nature of the fragmentation procedure
could yield large angular momenta, suggesting that e, <
1. We leave a more comprehensive study of this to future
work.

Neglecting the filament component, we perform the
integral and find Npcpa = e x (0.18,2 x 1073, 1.7 x
107%) Mpc™® for Gu = (1077,107%,10~?) respectively.
Our consistency with the inferred density [16, [19] of lit-
tle red dots detected by JWST (Nprp ~ 107> Mpcfg) is
thus highly dependent on the exact value of er,.

IV. DISCUSSION AND CONCLUSIONS

In this work, we have computed the comoving halo
mass functions expected from a distribution of cosmic
string loops. These mass functions can be used in a wide
variety of future calculations, though here we have placed
a particular emphasis on determining the abundance of
direct collapse black holes one could expect given a string
tension Gu and velocity distribution function f(v). We
have found that reasonable values of these parameters
are capable of reproducing the expected abundance of
little red dots, though a proper quantitative comparison
requires a robust determination of e, for string-seeded
halos. While this improves on previous work (in particu-
lar [47, 48], [50]), there remain many fruitful avenues ripe
for follow-up studies.

First and perhaps most obvious is to critically examine
the parameter space in light of constraints on small scale



power. As mentioned earlier, string loops do not pro-
duce significant spectral distortions [53], so they are ex-
empt from the current COBE/FIRAS boundﬂ [45] [48].
An abundance of star forming halos at high redshift
can, however, lead to early reionization. Constraints de-
rived by Shlaer et al. [47] indicate that tensions with
G > 1077 reionize the Univere prematurely, under the
assumption that f(v) = 6(viorm — 0.3). It would be use-
ful to update these constraints using more modern tools
such as DarkHistory [I04HI06] or DM21cm [107].

In addition to these early reionization limits, under-
standing how constraints from dynamical heating of ul-
trafaint dwarfs [43], CMB accretion, and the microlensing
of Icarus[44] translate onto the string parameter space is
a clear target for future work. These constraints are nom-
inally given on enhancements to the primordial power
spectrum P (k), which usually lead to the formation of
ultra-compact minihalos (UCMHs). The bounds are not
directly applicable to string loops as the growth of a
string seeded overdensity is qualitatively different than
that of an UCMH, and the loops themselves follow a
highly non-gaussian distribution. Nevertheless, with the
halo mass functions given in this work, translating these
bounds should be possible.

Beyond looking at constraints, the formalism presented
above is currently limited by hard cutoffs imposed at
Mpin and M.y for a given set of parameters. One
could extend M ,;, down to lower masses by considering
the expected accretion around a string loop which decays
shortly after matter-radiation equality. One subtlety as-
sociated with these rapidly decaying loops is the so-called
rocket effect [108], in which gravitational emission of a
loop near the end of its lifetime is highly asymmetric.
This asymmetric emission causing the loop to accelerate
significantly during its death throes. This effect is unim-
portant for our work, as string-seeded overdensities tend
to become self-sufficient roughly one Hubble time after
Zeq, but would need to be taken into account if one was
to lower the My, boundary.

On the other end of the spectrum, one could in prin-
ciple extend Mpax to higher values by considering the
detailed accretion pattern around a (relatively slowly) os-
cillating loop with v ~ 0(0.1). Some first steps towards
this have been taken in [48], though it is likely that a full
numerical setup is necessary to understand the growth
rate around these massive loops.

Recently, full hydrodynamic simulations were per-
formed [51] with the inclusion of stationary string loops
in an effort to study enhancements to the population of
high redshift galaxies. Interestingly, these authors [51]
found that string loops can match JWST observations

10 Interestingly, if a next generation spectral distortion instrument
such as PIXIE or FOSSIL were to confirm that the primor-
dial power spectrum remains nearly scale-invariant on scales
1Mpc~! <k <10* Mpe™!, one could still source direct collapse
black holes at high redshift via string loops.
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surprisingly well. As we have discussed above, however,
only a small fraction of string loops are expected to be
roughly stationary with respect to the dark matter. It
would therefore be interesting to re-run these simulations
with our more general mass function derived in Eq. .

From the simulation standpoint, it would also be valu-
able to understand the precise morphology of filaments
and beads sourced by string loops. Although not dis-
cussed in great detail above, halos which can undergo
direct collapse also require low angular momentum (or
an efficient way to dissipate it) [36, 102 [103]. Due to
the rather exotic formation procedure described here, we
have chosen not to speculate on the angular momentum
distribution of such halos, and instead defer a detailed
analysis of this to future work.

The string-seeded scenario also predicts filamentary
correlations between high redshift galaxies. Provided
that a cylindrical overdensity fragments, it is reasonable
to expect that if one bead in a cylinder can satisfy the
direct collapse conditions, the other beads should also
form early black holes and star forming regions. This is
a rather unique prediction of such models which will be
interesting to investigate further in light of current and
future data on large scale structure.

Cosmic string loops remain a well-motivated extension
to the standard model of particle physics, containing a
rich set of phenomenology with a minimal set of param-
eters. If they exist, their gravitational influence is ex-
pected to provide distinct, non-gaussian imprints on the
large scale structure of the Universe. For reasonable val-
ues of the string tension Gp, it appears that a significant
fraction of string seeded halos are capable of producing
direct collapse black holes at very early times. It is there-
fore possible that the abundance of high redshift black
holes and galaxies detected by e.g. JWST have a cosmic
string origin.
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Appendix A: Stationary loop fudge factor

A simple expression relating zyi; and zfopy 1S given by

a\1/2 1+ 2 1/4
e (2) 0 (2)
eq

. <95"Gm<zm>)1/4, (A1)

where M (z) contains terms that become important at
Z o Zoq. It is given explicitly as

. 1 1/1 5/2
M) =12 (A oL 1re .
6 1+ Zeq 6 1+ Zeq
For a given formation redshift, one uses Eq. (Al]) to de-

termine zyr7, which can then be utilized to determine the
fudge factor A in Eq. (14)). The full expression that sat-

isfies the matching at between Mil/ T and MrHI at 2y 1is
given by

A4 = Mal'(znn)
M (i)
5/2 73/2
] () -3 (E2)
5/2
2 Lom (L) 1 - ()
(A2)

The logarithmic term dominates for late times when
211 K Zeq. Note that when ziir = 2eq, the fudge fac-
tor is indeterminate. This is an artifact of us neglecting
any growth in the radiation era, and doesn’t cause any
issues in practice as zii1 = zeq implies we should only be
utilizing MIHI In situations where 21 < 0 (that is, when
the point mass approximation isn’t valid at any redshift),

one should resort back to utilizing M} (z) at all times.

Appendix B: Jacobian factors

For completeness, we list the Jacobian factors used in
computing the halo mass spectrum, Eq. . There are
four possible accretion scenarios, with three of them be-
ing trivial to calculate,

oL 5 1+z2
OMy" 2 M (2) (1 + Zcq) ’
oL 5 142
OMs — 3uM(2) (1 - zeq) ’
R (G)1/3 -
OMypeaa, N1 3(4m)4/3 7 \ teq a(Gu)?’

~\ 4/3 2
% £ M1/3 < 142 )
M bead,N>1 1+ Zeq’ .
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Interestingly, the growth rate for the stationary case in
Regions I and 1T (Mrlu/ ™) does not have a dependence on L
and thus the Jacobian appears infinite. This is ultimately
a side effect of the arcsin(ag/R) ~ aq/R approximation
that was used to derive the Region I growth. The full so-
lution does contain an R dependence (see the appendix
of Hao et al. [48]), and can be used to safely compute
this Jacobian. However, as shown above, the fraction of
loops in a realistic velocity distribution undergoing sta-
tionary Region I or IT growth is minuscule. It is therefore
a reasonable approximation to simply neglect the contri-
bution to the halo mass function from that subdominant
population of loops.

It may be useful for the reader to note that the forma-
tion redshift and length of a loop can be approximately
related by

2
1+ ze
L >~ ateq (l:—z'fzq> ) (B1)

From this expression one can further relate zgom to the
halo mass through the expressions given above.

Appendix C: Minimum and maximum halo masses

The calculations presented in this work make various
assumptions, which in turn limit the range of applicable
masses in the halo and black hole mass functions. Here,
we derive the precise range of validity given these as-
sumptions. The smallest loops we consider are the ones
who exist for roughly one Hubble time after matter ra-
diation equality. This is because it takes roughly a Hub-
ble time for the halo or filament to accumulate a total
mass greater than the mass of the loop, namely when
My > pL. Thus, our smallest loops have a length set by
the requirement that they decay at zgec © zeq/2, yielding

142 3/2

Lyin = FgG,U/ teq (H—i—ze:%) : (Cl)

On the opposite end of the spectrum, we consider our

calculations to be robust for loops which formed roughly

one Hubble time before matter radiation equality, namely

Zform = 2%eq. Looops formed at this redshift will be small

enough at matter radiation equality such that oscillations

about their centre of mass will be rapid enough that the

density profile of the loop will appear smeared out from
the perspective of infalling mass shells. This give us

1+ z 2
Llnax = Oéteq <1_'_2;q) . (02)
eq

Larger loops, especially those formed at zform o 2eq Will
in principle grow to even larger halos, but require a more
detailed study which we defer to future work.

From here, we can determine the minimum and max-
imum halo masses in the unbroken and fragmented fila-



ment scenarios. For the filament case, we simply find

2
. 14 200
Mgfm~3.7x103M@(G“> ( +Zq)M(z),

10-8 142
max G,u 1 +z v
MBE™ ~ 6.5 x 10" M, (108> ( T Zq) M(z).

Note that the total range is set by G, with smaller values
leading to a larger range of masses for which our com-
putation is valid. This makes sense, as a smaller string
tension prolongs the lifetime of any given loop. Similarly,
when the filament fragments into beads, the valid range
of bead masses is given by

min 0.3 \**/ Gu \**
Mn ~ 2.4 x 10 Mg, (vf ) (108)

X < 11++qu ) 8/ J\g((;))

3/2 3/2
max 0.3 Gu
MR~ 3.7 x 10° M, (vf ) (108)

. <1l++zzq>3/ ? Ag((j))'

)

While this looks slightly more complicated as there is a
Vtorm dependence, we remind the reader that once vegrm <

vg?il, the filament masses should be used.
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